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Strong field effects in laser pulses: the Wigner formalism.
Florian Hebenstreit,1, ∗ Anton Ilderton,2, † Mattias Marklund,2, ‡ and Jens Zamanian2, §
1Institut fu¨r Physik, Karl-Franzens Universita¨t Graz, A-8010 Graz, Austria
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We investigate strong field vacuum effects using a phase space approach based on the Wigner for-
malism. We calculate the Wigner function in a strong null-field background exactly, using lightfront
field theory. The Wigner function exhibits the distinct features of strong field QED: in particular
we identify the effective mass in a laser pulse, compare it to the well-known mass shift in a periodic
plane wave and identify signals of multi-photon absorption and emission. Finally, we show how to
extend our results to describe vacuum pair production in colliding laser pulses.
I. INTRODUCTION.
Vacuum phenomena generated by strong external
fields are currently a topic of considerable interest, due to
the prospects provided by infrastructure projects such as
the European XFEL [1] and the ELI facility [2, 3]. The
latter is expected to produce laser pulses with an inten-
sity of 1024 W/cm2 and peak electric field strengths of
1014 V/cm. These fields can produce strongly relativis-
tic ionisation effects, polarise the vacuum and so gener-
ate nontrivial vacuum refractive indices [4–6], be used
to search for new light particles [7], and, perhaps, pull
electron-positron pairs out of the vacuum [8].
Such strong field physics has been investigated using
scattering calculations [9], exact solutions [10], semiclas-
sical techniques [11–14], Monte Carlo simulations [15]
and quantum kinetic equations [16–18]. A framework
which includes quantum kinetic theory is provided by the
Wigner function, the quantum analogue of a probability
distribution. It is a well-established tool in quantum op-
tics [19], and has been applied to transport phenomena
in plasmas and condensed matter systems [20, 21], and to
pair production in both strong electric and colour fields
[22–24]. (For connections with other approaches to pair
production, see [25, 26].) The Wigner formalism has the
advantage of offering a phase-space description of quan-
tum systems with direct access to real time processes.
For a thorough introduction see [27].
One of the challenges of this approach lies in its in-
terpretation: quantum effects can generate negative val-
ues of the Wigner function which have no probabilis-
tic interpretation. Nevertheless, the Wigner function is
an observable, and indeed has been measured in vari-
ous (non-relativistic) optical and atomic setups [28–30].
Consequently, it is of great importance to obtain a thor-
ough analytical understanding of the Wigner function. In
this paper we therefore calculate the exact (relativistic)
electron-positron Wigner function, in the presence of a
strong background field, and give a complete description
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of its properties. Our chosen backgrounds, modeling high
intensity lasers, are null-fields, i.e. plane waves. This au-
tomatically includes effects due to strong magnetic, as
well as electric, fields. Although we neglect transverse
size effects, we take explicit account of effects due to finite
pulse duration by considering finite longitudinal extent of
the fields.
The most well known effect of a plane wave on an elec-
tron is the generation of an intensity dependent effective
mass [31]. This is only well understood for very long
laser pulses modelled by periodic plane waves (i.e. those
of infinite duration), where rapid changes in the parti-
cle’s energy and momentum, due to oscillations of the
fields, average out to a mass shift. Modern laser pulses
are, however, only a few cycles long. In order to exam-
ine the impact of finite beam geometry, we will compare
results for periodic plane waves with those for more re-
alistic pulse profiles. Using the Wigner function, we will
identify the effective mass for an arbitrary profile.
This paper is organised as follows: we begin in Sect. II
by briefly reviewing the gauge invariant Wigner func-
tion in both covariant and equal time formulations. We
then recap the behaviour of charges in a plane wave, in
Sect. III. In Sect. IV, we construct the Wigner function
in a plane wave background exactly, and identify the ef-
fective mass in a pulse. We examine in detail the Wigner
function for both oscillatory and pulsed fields, identifying
effects due to the effective mass, multi-photon contribu-
tions and quantum corrections. Finally, we add a second
laser pulse and describe how our results may be extended
to include pair production.
II. THE WIGNER FUNCTION.
The electron-positron Wigner function in an external
electromagnetic field Fµν is constructed from the field
density in the vacuum state | 0 〉:
〈 0 |[ψ(x+ y2 ), ψ
†(x− y2 )]| 0 〉 =: U4(x+
y
2 , x−
y
2 ) , (1)
where x and y are the ‘centre of mass’ and ‘relative’ co-
ordinates, respectively. The covariant Wigner function
itself, W4, is obtained from U4 by Fourier transforming
with respect to the relative co-ordinate, trading yµ for a
momentum pµ whose physical interpretation will be given
2directly:
W4(x, p) =
∫
d4y eip.y/~ eie
∫
dz.A(z)/~ U4 . (2)
The Wilson line in (2) makes W4 gauge invariant and is
evaluated along the straight line path from x − y/2 to
x + y/2 [20]. Expanding in powers of ~, one can show
that the classical part ofW4 is always constrained to obey
p2 − m2 = 0, and hence pµ may be identified with the
kinematic momentum. As we will calculate exactly in ~,
we set it equal to one from here on. The Wigner function
obeys a manifestly gauge invariant version of the Dirac
equation [27], which we will return to in Sect. V. Conse-
quently, there are at least two approaches to construct-
ing Wigner functions. First, by solving this differential
equation, which is a manifestly gauge invariant approach.
Alternatively, one can fix the gauge, quantise the theory
and construct the expectation value in (4) directly. We
give here a simple example of the latter method: the free
Wigner function is easily found by quantising the free
fermion theory and calculating the commutator in the
free vacuum state. One obtains
W4(x, p)free = 2π δ(p
2 −m2)[/p+m]
≡W4(x, p)free[/p+m] ,
(3)
so that the free Wigner function is spatially homogeneous
and tells us that free particles are on-shell. The final
equality indicates a separation ofW4 into spin and scalar
contributions – in fact, W4 is the Wigner function for
scalar particles, as is easily found by calculating the free
scalar density
U4(x +
y
2 , x−
y
2 ) := 〈 0 |{φ(x+
y
2 ), φ
†(x − y2 )}| 0 〉 , (4)
and performing the analogue of the transformation (2).
One often also considers the equal time Wigner func-
tionW3. This is defined as the energy average ofW4, i.e.
it is obtained by integrating out p0. For the free theory
one therefore has:
W3(t;x,p)free :=
∫
dp0
2π
W4(x, p)free =
p/+m√
p2 +m2
.
(5)
At this point we introduce lightfront co-ordinates x± =
x0 ± x3, x⊥ = {x1, x2} which will be useful below. In
lightfront field theory (for reviews see [32, 33] and refer-
ences therein) one quantises at equal lightfront time x+.
One simplification of this approach is that only half of a
Dirac spinor’s components represent dynamical degrees
of freedom [32, 33]. Introducing the orthogonal projec-
tion operators Λ± = 14γ
∓γ±, the dynamical fermion field
is ψ(+) ≡ Λ
+ψ. On the other hand, ψ(−) ≡ Λ
−ψ is a
constrained field which is determined by ψ(+). In this ap-
proach we therefore construct the Wigner function from
the commutator of the dynamical field ψ(+) in the light-
front vacuum. The density becomes
U4 = 〈 0 |
[
ψ(+)(x+
y
2 ), ψ
†
(+)(x−
y
2 )
]
| 0 〉 (6)
and the Wigner function is again found via (2). The
spin structure in this picture leads to a very simple re-
lation between the spinor and scalar Wigner functions:
one finds that the free Wigner function is given by the
scalar result multiplied by the physical projector, so
W4(x, p)free = 2p−Λ
+W4(x, p)free , (7)
where, of course, the free scalar Wigner function matches
that found in the usual approach, see (3). As we will see,
relation (7) also extends to the interacting theory. For
future use we note that, using lightfront co-ordinates, the
free scalar Wigner function may be written
W4(x, p)free =
π
2|p−|
δ
(
p+ −
p2⊥ +m
2
4p−
)
, (8)
which simply exhibits the mass-shell condition in light-
front co-ordinates. It follows that the equal lightfront
time Wigner function in the free fermion theory is (writ-
ing x ≡ {x−, x⊥}, p ≡ {p−, p⊥})
W+3 (x
+; x, p)free :=
∫
dp+
2π
W4(x, p)free = 2p−Λ
+ ·
1
4|p−|
,
(9)
where the ‘·’ simply illustrates the separation between
spin and scalar contributions.
III. PLANE WAVES AND THE MASS SHIFT.
We now review the effects of a plane wave background
on particle motion and QED scattering events. The field
strength of a general plane wave is represented by
Fµν = f˙j(k.x)(kµa
j
ν − a
j
µkν) , (10)
where k2 = 0, j is summed over the two transverse direc-
tions and a dot is differentiation with respect to k.x (for
convenience). The polarisation vectors obey ai.k = 0,
ai.aj = −(m2a2/e2)δij , which defines an invariant, di-
mensionless amplitude a. Since kµ is a lightlike direction
we take kµ = ω(1, 0, 0, 1) so that k.x = ωx
+ is propor-
tional to lightfront time.
Consider first the Lorentz equation for the classical
orbit of a charge in this background. This is exactly
solvable: k.p is conserved and hence the charge’s proper
time is proportional to lightfront time x+. In long pulses
modelled by periodic fields, i.e. plane waves of infinite
extent, the average, or ‘quasi’ momentum of the charge
over a laser cycle is of particular importance: it is on-
shell, but for a shifted mass m∗, i.e. 〈p〉
2 = m2∗. For
periodic, infinite plane waves – IPWs from here on – the
mass shift is m2∗ = m
2(1+a20), where we have introduced
the common measure of laser intensity a20, which equals
a2 for circular polarisation and a2/2 for linear polarisa-
tion [34]. Currently, a0 ∼ O(10), while for ELI-strength
lasers a0 ≃ 10
3 − 104.
The effective mass is only well-understood in an IPW,
where the relevant average is taken over a laser cycle.
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FIG. 1. Emission spectrum for photons scattered from an
electron-laser collision, as a function of scattered photon fre-
quency ν′ = ω′/m. Top: n = 1 to 4 laser photon contribu-
tions (harmonics) at an intensity a20 = 25, compared to the
ordinary Compton scattering spectrum (n = 1 at a0 = 0).
Bottom: the full spectrum for a20 = 25 and a
2
0 = 1/2, summed
over all photon numbers.
The IPWmodel was assumed in the analysis of the SLAC
E144 pair production experiment [38], in which the laser
pulse contained around 103 cycles. To model modern
femtosecond duration pulses, it is necessary to look at
pulse profiles with finite extent in k.x. Periodicity is then
lost, and thus it is unclear what average momentum is
important, nor if any mass-shift remains. We will address
this shortly. Suppose for a moment that some average
〈 〉 over lightfront time can be identified, be it the cycle
average or otherwise. Then, from the classical orbit, one
finds
〈p〉2 = m2(1 + a2var2[fj ]) , (11)
where var2[f ] = 〈f2〉 − 〈f〉2. Thus, the mass shift in
periodic fields is given by the variance of the integrated
field strength over a laser cycle. It does not seem that
this statement, which will be useful below, is well known,
although we believe the first appearance of the variance
expression is in [39].
Going to QED, one finds that scattering amplitudes
have kinematic support on the conservation of quasi-
momentum: hence, for example, electron-positron pair
production stimulated by incoming probe photons is de-
scribed in terms of the production of mass m∗ pairs [35–
37]. In addition to mass-shift effects, QED scattering
processes in periodic plane waves exhibit effects due to
multi-photon absorption from the background. In non-
linear Compton scattering, i.e. the emission of a photon
from an electron in a laser field, the mass shift is respon-
sible for a red-shift of the kinematic Compton edge, while
multi-photon effects allow for higher harmonics, that is
scattered photons with energy higher than the edge value
[9]. The full scattering process is a sum over all multi-
photon contributions. This is illustrated in Fig. 1. (See
[40–42] for corrections due to finite size effects.) This
completes our discussion of the most well-known effects
in periodic plane waves. We now turn to a closer inves-
tigation of both periodic and pulsed laser field effects,
using the Wigner function.
IV. AN EXACT WIGNER FUNCTION
In this section we calculate the Wigner function in a
plane wave field exactly. The Klein–Gordon and Dirac
equations are exactly solvable in this background [43], at
least when one works in lightfront gauge k.A ∼ A+ = 0,
when the gauge potential for our Fµν becomes
Aµ(k.x) = fj(k.x)a
j
µ . (12)
In this setup, we have a correspondence with, e.g., [23],
which takes Fµν to be a spatially homogeneous, time de-
pendent electric field. Instead of ordinary time t, we have
front time x+. Instead of temporal gauge, A0 = 0, we
have lightfront gauge A+ = 0. The t dependent electric
field is replaced by x+ dependent electric and magnetic
fields, and all fields are homogeneous in their correspond-
ing 3-spaces. The real difference is that the former field
produces pairs, the latter does not. We will include a
second plane wave, with which we can generate pairs, in
a later section.
To proceed, one quantises at equal lightfront time and
calculates the field density in the lightfront vacuum state.
Just as in the free case (7), one finds that the electron-
positron Wigner function is given by the a scalar contri-
bution multiplied by the background-independent spin
contribution 2p−Λ
+. For this reason, we restrict the re-
maining discussion to the interesting scalar part (which
is again the Wigner function for scalar fields). One finds
that the scalar U4 is
U4 =
∫
d4q
(2π)3
δ(q2 −m2)e−iq.y
× exp
[
−i
2k.q
k.(x+y/2)∫
k.(x−y/2)
ds [2eA(s).q − e2A2(s)]
]
,
(13)
where we recognise the usual Volkov phase factor [43].
It is possible to perform the y− and y⊥ integrals in (2)
exactly, to obtain the compact, and exact, expression
W4(x, p) =
1
4|p−|
∫
dy+ exp
[
iy+
(
p+ −
p2⊥ +M
2
4p−
)]
,
(14)
4where M2(k.x, k.y) := m2(1 + a2var2[fj ]), with the aver-
age taken over the separation of the fields, i.e.
〈f〉 :=
k.(x+y/2)∫
k.(x−y/2)
ds
f(s)
k.y
. (15)
When the fields turn off, M → m and the y+ integration
correctly recovers the delta function (8), imposing the
free mass-shell condition. Hence (14) describes a defor-
mation of this condition in which the free mass is replaced
with an effective mass M of the IPW form (11): hence,
our Wigner function gives us the explicit form of the effec-
tive mass for an arbitrary pulse profile. This is corrobo-
rated by [44], where precisely thisM appears in the gauge
invariant part of the electron propagator. (See [45] for
related non-relativistic results.) Let us compare the ef-
fective mass in a circularly polarised IPW (f1 = sin (k.x),
f2 = cos (k.x)) with that in an n-cycle pulse, where [46]
f1(k.x) = sin
4(k.x2n ) sin(k.x) ,
f2(k.x) = sin
4(k.x2n ) cos(k.x) ,
(16)
for 0 ≤ k.x ≤ 2πn and zero otherwise. A pulse with
n = 8, for example, corresponds to 32 fs lab duration at
optical frequency. The effective mass in the IPW is
M2circ/m
2 = 1 + a2 − a2sinc2(k.y2 ) , (17)
which is independent of k.x (linear polarisation intro-
duces periodicity in k.x). We do not write down the
lengthy expression for the pulsed M explicitly. The ef-
fective mass in both the IPW and the pulse (16) are plot-
ted in Fig. 2. The IPW result is shown in the top panel,
with the interesting behaviour in the k.y direction: at
k.y = 0, the effective mass is the free mass. As k.y ap-
proaches 2π, i.e. a front time duration corresponding to
one laser cycle, M2 increases quickly toward m2(1+ a2),
and converges toward this value as k.y → ∞. This is
of course the IPW m2∗ associated with the cycle average:
hence, as we know, a particle seeing infinitely many laser
cycles behaves as if its rest mass were m∗.
In the bottom panel, we see that the effective mass in
a pulse behaves quite differently. For large k.x, M → m,
as one sits far outside the pulse. As the front time sepa-
ration k.y increases from zero, M rises inside the pulse,
but then falls back to zero for increasing k.y. This re-
flects the statement that any massive particle in the field
will leave the pulse after a finite time (front or instant),
so that eventually the effective mass reduces to the free
mass. In particular, we see rather cleanly that scattering
processes in a pulse, which are asymptotic in k.y, must
be sensitive to the free mass.
A. Monochromatic limit
We now perform the y+ integration in (14) and turn to
the Wigner function itself, beginning with the IPW re-
sult. To do so we add a Gaussian regulator exp[−ǫ (k.y)2]
0
4 Π
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0
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8 Π
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FIG. 2. The mass shift M2/m2−1 in units of a2, i.e. var2[fj ].
Top: in a circular polarised IPW the mass shift tends to 1,
i.e. M2 → m2∗, as k.y increases. Bottom: in the 8-cycle pulse
(16), M reduces to the free mass m for large k.x or k.y.
under the integral of (14) and take ǫ→ 0. (We have con-
firmed that our results are unchanged using a different
regulator.) Like the free solution, our W4 is spatially
homogeneous, as follows from (17) being independent of
k.x. W4 is plotted in Fig. 3 as a function of p−, with other
variables given in the caption1. First we demonstrate the
convergence ofW4 for different values of ǫ: convergence is
very rapid for nearly all p− values as ǫ decreases. Slower
convergence is seen around several sharp edges in W4,
which will be explained very shortly. The final result
for W4 is represented by the solid line, which we now
analyse in more detail. While the free Wigner function
is strongly peaked (with a regulator understood) around
the free mass-shell condition p2 = m2, the strong peak
in Fig. 3 sits at the shifted mass-shell condition p2 = m2∗
of the IPW, which is p− =
13
4 for the given values: like
scattering amplitudes, the Wigner function sees particles
of free mass m as having mass m∗ in an IPW. Away
from the peak, the Wigner function becomes negative:
as the shifted mass-shell condition cannot be solved, this
naturally corresponds to quantum (off-shell) effects. For
p− >
13
4 , there is in fact no real solution to the deformed
mass-shell condition p2 =M2(k.x, k.y) for any k.x or k.y.
1 For simplicity, we rescale to dimensionless variables in all our
plots as follows: consider the exponent of (14), and then absorb
the frequency k+ into the co-ordinates and momenta, so we have
k.x → x+, k.y → y+, p+/k+ → p+, k+p−/m2 → p−. With this,
x+, y+ and p± become dimensionless.
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FIG. 3. The Wigner function, [a.u.], plotted at p⊥ = 0,
p+ = 2, a
2
0 = 25 as a function of p−. We clearly observe
convergence for decreasing values of ǫ (= 10−4 blue/dotted
line, 10−5 purple/dot-dashed, and 10−6 red/dashed) towards
the final result (solid). The peak sits at the shifted mass-shell
condition, and the photon emission and absorption numbers
discussed in the text are also marked on the axes.
However, for both sufficiently larger and smaller values
of p−, the Wigner function becomes positive again. The
behaviour of the low p− values in Fig. 3 is reminiscent of
the edge and higher harmonic structure in Fig. 1, which
results from multi-photon effects. Indeed, one may ver-
ify that the edges at p− =
13
6 and
13
8 in Fig. 3 are the
solutions of the equation (reinserting k+ and m factors)
(p+ nk)2 = m2∗ , (18)
for n = 1 and n = 2. Hence, these edges correspond
to resonances in which an off-shell particle can go on-
shell, in the m∗ sense, by absorbing photons from the
background. The jump at p− =
13
2 , on the other hand,
solves (18) for n = −1: it corresponds to a particle going
on-shell by emitting a photon of laser momentum kµ.
It is possible to reveal the different processes contribut-
ing to the Wigner function by Fourier decomposing the
y+ dependence inM2 (as is done to expose the structures
in Fig. 1, see [9]). One finds
W4(x, p) =
1
4|p−|
∑
n
∫
dy+ exp
[
iy+
(
p+ −
p2⊥ +m
2
∗
4p−
)]
× exp
[
in2 k+y
+
]
Jn
(
a2
k.p sinc(
k+y
+
2 )
)
,(19)
with Jn Bessel functions of the first kind, and n gives
the number of laser photons participating. A particularly
neat illustration is shown in Fig. 4. Here, we use carte-
sian momentum components, plotting at fixed p0, as a
function of longitudinal momentum p3, in order to give
an alternative (and perhaps more familiar) view of our
results, and a second set of parameters given in the cap-
tion. With this choice of parameters, the shifted mass-
shell condition p2 = m2∗ corresponds to p3 = ±
1
4 in the
plots. The Wigner function is negative between these val-
ues, and this is precisely where there is no real solution
to the deformed mass-shell condition.
p3-1 0- 14
1
4 u v
2
4
6
p3
n = 1
n = 2
n = 3n = -1
n = 0
-1 - 14
1
4 u v
2
4
6
FIG. 4. Top: W4 evaluated at p⊥ = 0, p0 = 5/4, a
2 = 1/2
as a function of p3, [a.u.]. Quantum effects (negative values)
occur when there is no solution to the deformed mass-shell
condition. Bottom: Contributions from n = −1 (emission),
n = 0 and n = 1 . . . 3 (absorption) photon processes.
The contributions from n = −1 to n = 3 are shown
in the bottom panel of Fig. 4. One sees that the n = 0
term is responsible for the strong peaks at the effective
mass condition, but is otherwise negative. The n > 0
terms generate the edge structure: the locations of the
first and second edges marked, as ‘u’ and ‘v’ in the plot,
correspond to multi-photon conditions (18) for n = 1 and
2. Hence the n of the Bessel expansion indeed gives the
photon number. The n = −1 process contributes largely
to the quantum part. We turn now to pulse profiles.
B. Pulse profiles
We begin with some general properties of W4, which
are determined entirely by M2. As seen in Fig. 2, a pulse
profile brings in a dependence on k.x. Here, we focus on
the most interesting case, where k.x is chosen to lie in
the centre of our pulses.
In a pulse, M2 rises rapidly over the first laser cy-
cle, followed possibly by a brief period of oscillatory be-
haviour and then a fall back to the rest mass squared.
Consequently, we split the integral in (14) into two pieces,
corresponding to these different behaviours. It is natu-
ral (but not necessary) to make this split at the edge of
the pulse as seen by the y+ integral, and so we label our
two pieces “in” and “out”. (The change from “IPW-like”
to “fall-off” behaviour occurs deeper inside the pulse for
tighter envelope functions.) The first part of the Wigner
6function, W in4 , is clearly always finite. If the pulse enve-
lope varies slowly over most of the pulse duration then
M will closely resemble the IPW effective mass; in this
case, W in4 may be approximately written as (14) with
M2 →M2circ and an infra-red cutoff in the y
+ integral at
the edge of the pulse. W in4 then typically exhibits rapid
oscillations around the shape of the IPW result.
The remaining part of the integral gives us W out4 . By
construction, M2−m2 falls off as 1/k.y (plus subleading
terms) in a pulsed background. This allows us to give an
analytic expression for W out4 :
W out4 = c1δ(p+ − p
o.s.
+ ) + c2P
1
p+ − po.s.+
, (20)
where po.s.+ is shorthand for the on-shell front energy
po.s.
+
= (p2⊥ +m
2)/4p−. Special attention should be paid
to the appearance of the free mass m in po.s.+ . The cj
are finite, pulse-profile dependent functions of momenta,
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FIG. 5. W4 in the pulse profile (16), at p0 = 5/4, p⊥ = 0, a
2 =
1/2, n = 8, 64 and 512 cycles (descending) with x+ = nπ, i.e.
in the middle of the pulse. The free mass-shell condition is at
p3 = ±
3
4
, the IPW shifted shell is at p3 = ±
1
4
.
which we do not state explicitly here. Such a contribution
is always found inW4 for pulsed fields as a consequence of
the fields eventually turning off, or at least going to zero
at large k.y. Consequently, we see that infra-red con-
tributions to the Wigner function always yield the free
mass-shell condition when we have a pulsed background
field. Other mass scales may still play a role in determin-
ing the detailed form of the Wigner function (as appears
to be the case in scattering calculations [47]).
Let us illustrate all this with the pulse (16), for which
M2(nπ, k.y)/m2 − 1 = a2
35πn
64
1
k.y
(21)
when k.y ≥ 2πn, i.e. outside the pulse, confirming the
falloff behaviour. The Wigner function is plotted in Fig. 5
for n = 8, 64 and 512 laser cycles. We choose all other
parameters as in Fig. 4 to allow easy comparison. The
most striking features are the peaks at the free mass-shell
condition (p3 = ±
3
4 ), independent of the pulse length.
As the number of cycles increases, rapid oscillations de-
velop around the free mass-shell, while two broad peaks
form, and narrow toward the IPW shifted mass-shell at
p3 = ±
1
4 . Between these broad peaks, a negative dip
forms, which resembles that in Fig. 4. However, while
this signals the reappearance of IPW behaviour for long
pulses, the delta function peaks at the free mass-shell are
always present.
Hence, the shifted mass itself does not play quite the
same role as it does in the IPW: for small numbers of cy-
cles, the shifted mass-shell condition of the IPW is com-
pletely absent in the pulsed W4. Even for long pulses,
where broad peaks around the shifted mass-shell signify a
“re-dressing” of the electron by the laser field, the Wigner
function is always dominated by a delta function impos-
ing the free mass-shell condition.
Toward larger p3 in Fig. 5, one sees a structure simi-
lar to the multi-photon effects of the IPW results which
exists independent of the pulse length. Because of the
u v p3
-5
5
10
FIG. 6. The harmonic structure for n = 8 (dotted), 64
(dash-dotted) and 512 (solid), compared with the IPW re-
sult (dashed). IPW-like harmonic behaviour appears for a
large number of cycles, though the free mass-shell is always
present, seen here as the edge at p3 =
3
4
at the very left of
the plot.
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FIG. 7. W4 in the 8-cycle pulse (16), as a function of p−.
Other parameters and ranges as in Fig. 3 to allow direct com-
parison. The shifted mass-shell peak is completely absent.
scales chosen, this is clearest in the n = 8 plot, however
it is also present for other choices of n. In Fig. 6 we com-
pare this structure in n = 8, 64 and 512 cycles with the
IPW result. One clearly sees that this structure begins
to closely resemble the IPW multi-photon structure for a
large number of cycles: note, though, that at the left edge
of Fig. 6, the free mass-shell delta function cuts through
the IPW-like structure. This leads us to the conclusion
that multi-photon effects remain in the game when we
go to pulse profiles, and for very long pulses these learn
about the shifted mass m∗, as is clear from Fig. 6, al-
though m continues to play a role. This is especially
interesting in light of the analysis of the SLAC E144 ex-
periment, which confirmed multi-photon effects, but did
not unambiguously detect effects stemming directly from
the mass shift [48].
We conclude this section with a final comparison be-
tween the high intensity IPW result in Fig. 3, and the
Wigner function for a high intensity 8-cycle pulse, shown
in Fig. 7, which further confirms the observations above.
We display the same domain and range in both plots for
easy comparison. While the large momentum behaviour
is reminiscent of the IPW results, including a sign change
near the first emission point, the shifted mass-shell at
p− =
13
4 is completely absent. (The free mass-shell is of
course present, but lies outside the plotted range.)
C. Equal front time
We consider now the equal lightfront timeWigner func-
tion. To this end, we perform the p+ integration in (14),
which corresponds to setting y+ = 0. As the effective
mass M deviates from the free mass m due to correla-
tions in front time, one sees that all effective mass effects
must vanish when y+ = 0 and M = m. Indeed, one finds
that, independent of the pulse profile,W+3 = 1/4|p−| just
as in the free theory. Hence, calculations of, say, num-
ber density at different front times will always agree, and
so the triviality of W+3 seems to reflect the well-known
statement that the plane wave cannot produce pairs. It
is tempting to conjecture a relation between this result
and the ‘triviality’ of the lightfront vacuum [33].
D. Dirac spinors
As we have seen, one benefit of the lightfront approach
is that the electron-positron Wigner function is particu-
larly simple. It may be the case that one would also
like to consider the Wigner function for commutators of
the constrained field ψ(−), or of the constrained and dy-
namical fields. All these interdependent Wigner func-
tions can be neatly represented by the Wigner function
defined from the commutator of the full Dirac spinor
〈 0 |
[
ψ, ψ¯
]
| 0 〉. Writing Φ4 for the integrand of the scalar
U4, see (13), the Dirac field density is
UDirac4 =
∫
d4q
(2π)3
Φ4
[
1 +
e
2k.q
/k /A(k.x+ k.y2 )
]
× (/q +m)
[
1 +
e
2k.q
/A(k.x − k.y2 )/k
]
,
(22)
where we recognise the spin structure of the fermionic
Volkov propagator. The Wigner transform is then per-
formed just as in (2) and all commutators may be iden-
tified by projection onto the relevant (+) and (−) com-
ponents.
V. TWO APPROACHES TO PAIR
PRODUCTION
We briefly outline how the earlier results may be ex-
tended to include the effects of vacuum pair production.
To do so, we add a second plane wave, i.e. a function of
k′.x where k′.k 6= 0 and vector structure as in (12). The
collision of two such pulsed plane waves allows us to study
vacuum pair production with both electric and magnetic
fields, and with finite size effects in two directions, since
pairs are only produced where the fields overlap.
We consider two experimental setups. The first is the
collision of two high intensity lasers, as envisaged for ELI
[8]. In this situation, a perturbative field expansion is not
permissible. However, if we take the laser pulses to be
almost parallel (pair production in parallel pulses is con-
sidered in [49]), then k.k′ ≈ 0 because the vector product
obeys kˆ.kˆ′ = 1 + ǫ ≈ 1, which gives us a small expan-
sion parameter ǫ. Alternatively, for two optical lasers, we
have k.k′/m2 ∼ 10−12 independent of their collision an-
gle, which gives us another small parameter with which to
construct the Wigner function. Note that both of these
approximations are independent of the field strengths:
hence the corresponding expansions are nonperturbative
in the field intensities, allowing them to be used in the
analysis of, for example, multiple ELI-strength lasers.
The detailed analysis of these expansions will be a part
of our future research.
8The second setup is the collision of an intense optical
laser with a high frequency, low intensity X-FEL beam.
If the amplitude of the latter is sufficiently small, it may
be treated in perturbation theory. To illustrate, we begin
with the differential equation defining the Wigner func-
tion [27]:
(
i
2
/D + /Π−m
)
W = 0 , (23)
where the gauge invariant operators D and Π are
Dµ =
∂
∂xµ
− e
1/2∫
−1/2
ds Fµν(x− is∂p)∂
ν
p ,
Πµ = pµ − ie
1/2∫
−1/2
ds s Fµν(x− is∂p)∂
ν
p .
(24)
One now perturbs the field strength, Fµν → Fµν + δFµν ,
where, for us, Fµν represents the intense (optical) plane
wave, and δFµν represents the weak X-FEL field. The
above operators are then expanded as Dµ → Dµ + δDµ,
etc. WritingW →W+δW , one immediately obtains the
equation
(
i
2
/D + /Π−m
)
δW = −
(
i
2δ /D + δ /Π
)
W . (25)
This equation is solved by inverting the operator on the
left hand side to give a Green’s function. This may be
shown to be a gauge invariant version of the well known
Volkov propagator. Thus, the perturbation δW will de-
scribe the emission of electron-positron pairs, dressed
by the strong background, from the weak background
source. Again, the detailed investigation of this result
will be delayed for future work: we mention briefly that
the first correction to the equal lightfront time Wigner
function, δW+3 , is no longer trivial, which, from our pre-
vious discussion, we take as a confirmation of pair pro-
duction. The Winger function can be seen to depend on
both k′.x (which is, say, x− if we consider a head-on col-
lision) and also the original lightfront direction k.x. In
particular, the dependence on the strong field remains
nonperturbative, as seen in the plane wave W4. Thus,
this approach may also be used to study the role of the
effective mass in vacuum pair production.
VI. CONCLUSIONS
We have constructed the Wigner function for both
scalar and spinor particles in a background plane wave
field exactly. This gives a precise definition of the effec-
tive mass which extends the infinite plane wave mass-
shift to arbitrary pulse profiles. The Wigner function
itself clearly exhibits, in the infinite plane wave case, the
shifted mass-shell condition p2 = m2∗, multi-photon ab-
sorption/emission, and quantum effects where the effec-
tive mass-shell condition has no solution, and the Wigner
function becomes negative.
Going to a pulsed profile, we have observed multi-
photon structures in both long and short pulses. We
have shown that the Wigner function in a pulse always
contains, explicitly, a delta function imposing the free
mass-shell condition, independent of the pulse length or
geometry. This is in contrast to the infinite plane wave
case, where the full, nonperturbative Wigner function
knows only about the shifted mass-shell.
Finally, we gave various approximations with which to
calculate the Wigner function in a more complex field
geometry describing colliding laser pulses. This will al-
low us to study pair creation from the vacuum using the
lightfront Wigner approach.
There are many other extensions of the current work
which one could consider. For example, transverse size
effects are expected to become more important as one
goes to higher intensities, since high intensity laser pulses
are generated by tight focussing.
Furthermore, recent calculations have shown that pair
cascades, through highly focused laser interaction with
single electrons, can take place at intensities as low as
1024 W/cm2 [50, 51]. Consequently, if large numbers of
photons are being taken from the beam, giving rise to sig-
nificant beam depletion, it will become necessary to go
beyond the background field approximation in describing
the laser. Although the principles behind the inclusion of
effects stemming from beam depletion are reasonably well
understood, going beyond the background field approxi-
mation still constitutes a major computational challenge.
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